ON KHINTCHINE INEQUALITIES WITH A WEIGHT 



MARK VERAAR 



Abstract. In this note we prove a weighted version of the Khintchine in- 
equalities. 



Let {n,A,F) be a probability space and let (r„)„>i be a Rademacher sequence. 
For a random variable ^ : ^ R and p > we write ||^||p — (IE|^|^)^/^. Our main 
result is the following weighted version of Khintchine's inequality. We also allow 
the weight to be zero on a set of positive measure. 



Theorem 1. Let < p < oo and let w £ L'^{Q) for some q > p, and assume 
s ■= Fiw ^ 0) > 2/3. Let ^ = E„>i^na;„ with J2 ^ 
constants C'l :— Ci{p,w),C2 ■= C2{p,w) > such that 



n>iXn < Then there exist 



(1) 



C 



n>l 



Consequently, the p-th moments for < p < q are all comparable. 

If w = 1 the result reduces the Khintchine inequalities [3] . Although the weighted 
version of the result is easy to prove, to our knowledge it was not known, and 
potentially useful for others. We need a well-known L°-version of Khintchine's 
inequality. We provide the details to obtain explicit constants. 

Proposition 2. For all a e (0, 1) and for all (x„)„>i in , one has 
J2 TnXn > a) < (1 - a^f/Z ^ XI - ^ 



n>l 



n>l 



We need the Paley-Zygmund inequality (see [U Corollary 3.3.2]) which says that 
for a positive nonzero random variable ^ : f2 — > R and q £ (2, oo) one has 

iieir 



P(e>A||C||2)> (l-A^) 



|2n 9/(9-2) 



A e [0,1]. 



Proof Assume J2n>i^l > 1- Let ^ = T,n>i'^nX„ 

the following case of Khintchine's inequality: E^^ < 3(E^^)^ (see [U Section 1.3]) 
Therefore, the Paley-Zygmund inequality applied shows that 



and m :— \\^\\2 > 1- Recall 

2\2 



P(^>a)>P(e>al|e||2)>(l-a2)2(^^')' 



> (l-o")73. 



□ 



We will also need the following lemma. 
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Lemma 3. Let rj = X]n>i^n^n' J2n>i^n ^ (0,oo). Then P(?7 = 0) < 

1 — 2e~'^^^ w 0.517, where 7 is Euler constant. 

Note that for = ri + r2 one has P(ry = 0) = 1/2, which shows that the lemma 
is close to optimal. 

Proof. By scaling we can assume \\ri\\2 = 1. By the Paley-Zygmund inequality 
applied with ^ = |?7| together with the best constant in the Khintchinc inequality 
(see [3]) one sees that for all A G (0, 1) and q > 2, 



hi > A) = P(e > A) > (1 - A2)i?-2 



where Bq ~ V2(^^-^^^^^=^^^ . An elementary calculation for F- functions shows 
that 5^2g/(g-2) ^ 2e-2+7 as q i 2. Now the result follows by first taking q > 2 
arbitrary close to 2 and then A small enough. □ 

Proof of Theorem\^ The second estimate follows from Holder's inequality with i = 
i + i and the unweighted Khintchine inequality with constant k^x- 

\\wi\\p < ||u;||g||C||r < \\w\\qkr,2(^^xiy . 

n>l 

Next we prove the first estimate. Since llw^llp increases in p, it suffices to consider 
p e (0, 2]. If all the x„ are zero, there is nothing to prove. If not, then by Lemma 
|3] and the assumption we have P{w^ ^ Q) = P{w ^ 0,^ 7^ 0) > 0, and therefore 
llw^llp > 0. To complete the proof we can assume that Hw^Hp = 1 as follows by 
a scaling argument. Moreover, by replacing w by jwl if necessary, we can assume 
that w is nonnegative. 

Choose a e (0, 1) so smah that ^ (1 - a^f/i > 1 - s, where s = P(w ^ 0). 
(For example take a such that b = {I - a^Y /i = [(1 - s) + l/3]/2). Let 

(5o = sup{(5 >Q:V{w> 5)>{s + l- b)/2}. 

Since ¥{w >0)=s>(s + l- b)/2 we have 5o > 0. Let A ^ {w > 5o}. Then it 
follows that for all t > 

p({iei > t} n A) - p(i^iei >t)< t-PE(i^icn 

< t-P5^'^¥.{wPlA\S,f) < t-PSo''E{\w^\P) = t-P5^P. 

Therefore, 

P({iei > t}) < P({|ei >tnA} + p{n\A)< t-ps^p + 1 - (s + 1 - b)/2. 

Now with t = 6^^ (^b - 1 + {s + 1 - b)/2^ " it follows that P({|C| > t} < 6. Let 

y„ = and ?7 = E„>i^nyn- Then P(|r;| > a) = P({|C| > t}) < b. Therefore, 

Proposition[2] gives that J2n>i Vn — 1- other words X]n>i 2;^ < ^2 and the result 
follows with Ci = a/t. □ 

Remark 4. 



9/(9-2) 
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(1) A more sophisticated application of the Palcy-Zygmund inequality in Propo- 
sition [2] shows that in the theorem it suffices to assume that P(w 7^ 0) > 
1 - 2e-2+7 ^ o.5f7. This is close to optimal as can be seen by taking 
w = lri+r2#o Bind ^ = ri + r2 for which the weighted inequality ([T]) does 
not hold. 

(2) The integrability condition on w used for the second estimate of ^ can be 
improved. However, the general function space for w is difficult to describe 
and not even rearrangement invariant (cf. [T]). 

(3) With a similar technique one can obtain Theorem [1] for Gaussian random 
variables, g-stable random variables, etc. 

(4) The case where the Xn take values in a normed space X, can also be consid- 
ered. Then (^J2n>i^rij ^ has to be replaced by the L^-norm ||^||2, where 
^ — X]n>i''"^n- Note that Lemma [3] extends to this setting, as follows 
by applying Lemma [3] with rj = {£,,x*) for a functional x* S X* for which 
{^,x*) is nonzero. Also the constants in Proposition [2] can be taken as 
before. This follows from the fact that also in the vector-valued setting 
lieiU < 3i/4||^||2 (see 0). 
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